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ON THE FINITENESS OF THE SET OF HILBERT COEFFICIENTS
SHREEDEVI K. MASUTI AND KUMARI SALONI
ABSTRACT. Let (R,m) be a Noetherian local ring of dimension d and K,Q be m-primary
ideals in R. In this paper we study the finiteness properties of the sets ΛKi (R) := {g
K
i (Q) :
Q is a parameter ideal of R}, where gKi (Q) denotes the Hilbert coefficients of Q with respect to
K, for 1 ≤ i ≤ d. We prove that ΛKi (R) is finite for all 1 ≤ i ≤ d if and only if R is general-
ized Cohen-Macaulay. Moreover, we show that if R is unmixed then finiteness of the set ΛK1 (R)
suffices to conclude that R is generalized Cohen-Macaulay. We obtain partial results for R to
be Buchsbaum in terms of |ΛKi (R)| = 1. Our results are more general than in [GGH
+15] and
[GO11]. We also obtain a criterion for the set ∆K(R) := {gK1 (I) : I is an m-primary ideal of R}
to be finite, generalizing a result of [KT15].
1. INTRODUCTION
The main objective of this paper is to study the finiteness properties of various sets of the
Hilbert coefficients relative to the properties of the ring. First we introduce the notations
needed to define these sets.
Throughout this paper (R,m) denotes a Noetherian local ring of dimension dwith maximal
ideal m, M a finitely generated R-module of dimension r and K a fixed m-primary ideal.
For an m-primary ideal Q, the fiber cone of Qwith respect to K is the standard graded alge-
bra FK(Q) = ⊕
n≥0
Qn/KQn. The Hilbert function of the fiber cone FK(Q) is given by H(F, n) :=
ℓR(Q
n/KQn), where ℓR(M) denotes the length of an R-module M. It is well known that
H(F, n) agrees with a polynomial P(F, n) of degree d− 1, for n ≫ 0, called the Hilbert polyno-
mial of FK(Q). We can write P(F, n) in the following way:
P(F, n) =
d−1
∑
i=0
(−1)i f Ki (Q)
(
n+ d− i− 1
d− 1− i
)
where the coefficients f Ki (Q) are integers known as the fiber coefficients of Q with respect
to K. The Hilbert-Samuel function of Q for M is the function H(Q, n,M) = ℓR(M/Q
nM). In
[JV05a] authors introduced the Hilbert function of Qwith respect to K defined as HK(Q, n) =
ℓR(R/KQ
n). It is known that for n ≫ 0, H(Q, n,M) (resp. HK(Q, n)) agrees with a polyno-
mial P(Q, n,M) (resp. PK(Q, n)) of degree r (resp. d). We can write these polynomials in the
following manner:
P(Q, n,M) =
r
∑
i=0
(−1)iei(Q,M)
(
n+ r− i− 1
r− i
)
(1.1)
PK(Q, n) =
d
∑
i=0
(−1)igKi (Q)
(
n+ d− i− 1
d− i
)
(1.2)
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for unique integers ei(Q,M) (resp. g
K
i (Q)) known as the Hilbert coefficients of Q for M (resp.
Hilbert coefficients of Q with respect to K). One of the motivations to study gKi (Q) is that these
coefficients are related to the fiber coefficients (see (2.3)) and hence are useful to study the
properties of f Ki (Q). The properties of g
K
i (Q) have been studied in [D’cr13], [GZT07], [JV05a],
[JV05b], [Sal16], [ZGT08].
In this paper we consider the sets
ΛKi (R) = {g
K
i (Q) | Q is a parameter ideal of R} and
δKi (R) = {g
K
i (Q) | Q is a parameter ideal of R such that Q ⊆ K}
for 1 ≤ i ≤ d. Note that δKi (R) ⊆ Λ
K
i (R). Following the notation of [GGH
+15], we set
Λi(M) = {ei(Q,M) | Q is a parameter ideal for M} for all 1 ≤ i ≤ r.
For a set S we use |S| to denote the cardinality of the set S.
Let r, d ≥ 2. In [GGH+15] authors proved that the set Λ1(M) is finite (resp. singleton) if
and only if M is generalized Cohen-Macaulay (resp. Buchsbaum) provided M is an unmixed
module, see [GGH+15, Theorems 4.5 and 5.4]. In Section 3, we investigate the set ΛK1 (R) for
analogous properties. We prove that an unmixed local ring R is generalized Cohen-Macaulay
if and only ΛK1 (R) ( equivalently δ
K
1 (R)) is finite (Theorem 3.2). Next, we prove that if R is
unmixed and |ΛK1 (R)| = 1 then R is Buchsbaum where as the converse holds true for K = m
(Theorem 3.5). We expect that ΛK1 (R) need not be singleton in a Buchsbaum local ring for an
arbitrary m-primary ideal K (see Discussion 3.7).
In Section 4, we study the finiteness of the sets ΛKi (R) for all 1 ≤ i ≤ d. We prove that R
(need not be unmixed) is generalized Cohen-Macaulay if and only if ΛKi (R) (equivalently
δKi (R)) are finite for all 1 ≤ i ≤ d − 1 (Theorem 4.9). In [GO11, Theorem 1.1] authors
proved that R is generalized Cohen-Macaulay if and only if Λi(R) is finite for all 1 ≤ i ≤ d.
We improve their result and extend it to modules. More precisely, we show that M (resp.
M/H0m(M)) is generalized Cohen-Macaulay (resp. Buchsbaum) if and only if |Λi(M)| < ∞
(resp. |Λi(M)| = 1) for all 1 ≤ i ≤ r− depthM (Theorems 4.7 and 4.10).
In section 5, we consider the set
∆K(R) = {gK1 (I) | I is an m-primary ideal of R}.
In [KT15, Theorem 1.1], authors proved that the set {e1(I, R) | I is an m-primary ideal of R} is
finite if and only if d = 1 and R/H0m(R) is analytically unramified. We prove that ∆
K(R) is
finite if and only if d = 1 and R/H0m(R) is analytically unramified (Theorem 5.7).
We gather preliminary results needed in section 2.
Few words about proofs. Considering K as an R-module, we get a relation between gKi (Q)
and ei(Q,K) which shows that |Λ
K
i (R)| = |Λi(K)| (See (2.1)). This suggests that results on
the finiteness properties of the set Λi(M), for any finitely generated module M, are useful to
study the similar properties of ΛKi (R). This method is used in order to study the finiteness of
the set ΛKi (R) in this paper. This method depends on the module theoretic properties of K
and is used to study the finiteness of the set ΛKi (R) in this paper.
We refer [Mat06] and [BH93] for undefined terms.
2. PRELIMINARIES
In this section we prove some preliminary results needed in the subsequent sections. We
first note a relation between the Hilbert coefficients and the fiber coefficients.
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Remark 2.1. (1) Let d ≥ 1. Since ℓR(R/KQ
n) = ℓR(R/K) + ℓR(K/Q
nK), for all n ∈ Z,
PK(Q, n) = ℓR(R/K) + P(Q, n,K). Thus comparing the coefficients of both sides, we
get
gK0 (Q) = e0(Q,K) and g
K
i (Q) =
{
ei(Q,K) if i 6= d
ed(Q,K) + (−1)
dℓR(R/K) if i = d.
(2.1)
(2) Since ℓR(R/KQ
n) = ℓR(R/Q
n) + ℓR(Q
n/KQn) for all integers n, we have PK(Q, n) =
P(Q, n, R) + P(F, n) for all integers n. Thus comparing the coefficients of both sides,
we get
gK0 (Q) = e0(Q, R) and(2.2)
f Ki (Q) = ei+1(Q, R)− g
K
i+1(Q) + ei(Q, R)− g
K
i (Q) for 0 ≤ i ≤ d− 1.(2.3)
We now recall few definitions. A module M of dimension r is said to be generalized Cohen-
Macaulay if Him(M) has finite length for all 0 ≤ i ≤ r− 1, where H
i
m(M) denotes the i-th local
cohomology module of M with support in m. For a parameter ideal Q, set
I(Q;M) := ℓR(M/QM)− e0(Q,M) and I(M) := sup{I(Q;M) : Q is a parameter ideal for M}.
It is well-known that M is generalized Cohen-Macaulay if and only if I(M) < ∞. In this case
I(M) =
r−1
∑
i=0
(
r− 1
i
)
ℓR(H
i
m(M)).(2.4)
We refer [CST78] and [Tru86] for details.
Definition 2.2. (1) A parameter ideal Q for M is said to be standard for M if I(Q;M) =
I(M). An ideal I with ℓR(M/IM) < ∞ is said to be M-standard ideal if every parameter
ideal for M contained in I is standard for M.
(2) An R-module M is said to be Buchsbaum if every parameter ideal for M is standard.
In the following lemma we relate the properties of R and K as an R-module.
Lemma 2.3. Let (R,m) be a Noetherian local ring of dimension d ≥ 1 and K an m-primary ideal of
R. Then
(1) R is a generalized Cohen-Macaulay ring if and only if K is a generalized Cohen-Macaulay
R-module.
(2) Suppose depthR > 0 and K is a Buchsbaum R-module. Then R is a Buchsbaum ring.
(3) If R is Buchsbaum then m is a Buchsbaum R-module.
Proof. (1): Consider the exact sequence
0 −→ K −→ R −→ R/K −→ 0.
This induces the exact sequence
(2.5) 0 −→ H0m(K) −→ H
0
m(R) −→ H
0
m(R/K) = R/K −→ H
1
m(K) −→ H
1
m(R) −→ 0
and isomorphisms
(2.6) Him(K)
∼= Him(R) for 2 ≤ i ≤ d.
This shows that Him(K) has finite length if and only if H
i
m(R) has finite length for 1 ≤ i ≤ d− 1.
Hence the assertion follows.
(2): Let Q = (x1, . . . , xd) be an arbitrary parameter ideal of R. We show that Q is standard
for R. Since depthR > 0, (2.5) gives an exact sequence
(2.7) 0 −→ R/K −→ H1m(K) −→ H
1
m(R) −→ 0.
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Thus
ℓR(R/QK)
= ℓR(R/K) + ℓR(K/QK)
= ℓR(R/K) +
d−1
∑
i=1
(
d− 1
i
)
ℓR(H
i
m(K)) + e0(Q,K) (as K is Buchsbaum)
= ℓR(R/K) +
d−1
∑
i=1
(
d− 1
i
)
ℓR(H
i
m(R)) + (d− 1)ℓR(R/K) + e0(Q,K) (from (2.6) and (2.7))
= e0(Q, R) + I(R) + dℓR(R/K) (since e0(Q,K) = e0(Q, R)).
Hence, by [Tru86, Corollary 4.9], Q is a standard parameter ideal of R.
(3): Let Q = (x1, . . . , xd) be a parameter ideal for m. We have
I(Q;m) = ℓR(m/Qm)− e0(Q,m)
= ℓR(R/Q) + ℓR(Q/Qm)− ℓR(R/m)− e0(Q, R) (as e0(Q,m) = e0(Q, R))
= I(Q; R) + d− 1
= I(R) + d− 1 (since Q is standard for R)
which is independent of Q. Hence m is Buchsbaum. 
3. THE SET ΛK1 (R)
In this section we study the finiteness of the set ΛK1 (R). We give an equivalent criterion for
the set ΛK1 (R) to be finite in an unmixed local ring (Theorem 3.2). We also consider the prob-
lem when gK1 (Q) is independent of Q. For K = m, we give a characterization for |Λ
K
1 (R)| = 1
in an unmixed local ring and obtain partial results for arbitrary K (Theorem 3.5).
Recall that a module M is said to be unmixed if dim R̂/p = dimM for all p ∈ AssR̂(M̂),
where M̂ denotes them-adic completion ofM. In the following propositionwe give bounds on
gK1 (Q) in generalized Cohen-Macaulay local rings which are independent ofQ. Consequently,
we give an equivalent criterion for the finiteness of ΛK1 (R) in terms of K in an unmixed local
ring.
Proposition 3.1. Let (R,m) be a Noetherian local ring of dimension d ≥ 2 and K an m-primary ideal
of R.
(1) Suppose R is generalized Cohen-Macaulay. Then the following assertions hold.
(a) For any parameter ideal Q of R, −
d−1
∑
i=1
(d−2i−1)ℓR(H
i
m(R))− ℓR(R/K) ≤ g
K
1 (Q) ≤ 0. In
particular, ΛK1 (R) is finite.
(b) If Q is a standard parameter ideal for K, then
gKi (Q) =
(−1)
i
d−i
∑
j=1
(d−i−1j−1 )ℓR(H
j
m(K)) if 1 ≤ i ≤ d− 1
(−1)d(ℓR(H
0
m(K)) + ℓR(R/K)) if i = d.
(2) Suppose R is an unmixed local ring. Then K is a generalized Cohen-Macaulay (resp. Buchs-
baum) R-module if and only if |ΛK1 (R)| < ∞ (resp. |Λ
K
1 (R)| = 1).
Proof. (1): Since R is generalized Cohen-Macaulay, by Lemma 2.3(1), K is a generalized Cohen-
Macaulay R-module. Hence, by [GGH+15, p. 47], −
d−1
∑
i=1
(d−2i−1)ℓR(H
i
m(K)) ≤ e1(Q,K) ≤ 0.
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Using (2.5) and (2.6), we get that −ℓR(H
1
m(R))− ℓR(R/K) ≤ −ℓR(H
1
m(K)) and ℓR(H
i
m(R)) =
ℓR(H
i
m(K)) for all 2 ≤ i ≤ d − 1, respectively. Thus, −
d−1
∑
i=1
(d−2i−1)ℓR(H
i
m(R)) − ℓ(R/K) ≤
e1(Q,K) ≤ 0. Now (1a) follows from (2.1).
If Q is a standard parameter ideal for K then, by [Tru86, Corollary 4.2],
ei(Q,K) = (−1)
i
d−i
∑
j=0
(
d− i− 1
j− 1
)
ℓR(H
j
m(K)).
Hence (1b) follows from (2.1).
(2): Since R is unmixed, K is an unmixed R-module. Also, from (2.1), |ΛK1 (R)| = |Λ1(K)|.
Hence the result follows from [GGH+15, Theorem 4.5 and Theorem 5.4]. 
The following theorem provides an equivalent criterion for an unmixed local ring R to be
generalized Cohen-Macaulay in terms of the set ΛK1 (R).
Theorem 3.2. Let (R,m) be an unmixed local ring of dimension d ≥ 2 and K an m-primary ideal of
R. Then the following conditions are equivalent:
(1) R is generalized Cohen-Macaulay;
(2) ΛK1 (R) is a finite set;
(3) δK1 (R) is a finite set;
Proof. (1)⇒ (2): Follows from Proposition 3.1(1a).
(2)⇒ (3): Since δK1 (R) ⊆ Λ
K
1 (R), the assertion follows.
(3) ⇒ (1): We may assume that R is complete. Since δK1 (R) is a finite set, by (2.1), the set
S(K) := {e1(Q,K)|Q is a parameter ideal of R and Q ⊆ K} is finite. Let l be an integer such
that ml ⊆ K. Then the set
{e1(Q,K)|Q = (x1, . . . , xd) ⊆ m
l is a parameter ideal of R which is a d-sequence for K} ⊆ S(K)
is finite. Since R is unmixed, K is an unmixed R-module. Therefore by [GGH+15, Lemma 4.1],
K is a generalized Cohen-Macaulay R-module. Hence by Proposition 2.3(1), R is generalized
Cohen-Macaulay. 
For a finitely generated R-moduleM, we set AsshR M = {p ∈ AssR M|dim R/p = dimM}.
Let (0M) =
⋂
p∈AssR M
M(p) be a primary decomposition of (0M) in M, where M(p) is a p-
primary submodule of M for each p ∈ AssR M. The R-submoduleUM(0) :=
⋂
p∈AsshR M
M(p) is
called the unmixed component of M.
In order to prove the next theorem we need a modified version of [GGH+15, Lemma 4.3].
Lemma 3.3. Let (R,m) be a Noetherian local ring and M a finitely generated R-module with dimM =
r ≥ 2. Let K be an m-primary ideal of R. Assume that there exists an integer t ≥ 0 such that
e1(Q,M) ≥ −t for every parameter ideal Q ⊆ K for M. Then dimUM(0) ≤ r− 2.
Proof. Let U = UM(0) and T = M/U. Since Up = 0 for all p ∈ AsshR(M), dimU ≤ r − 1.
Suppose dimU = r− 1. Choose a system of parameters (x1, . . . , xr) for M such that xrU = 0.
Since ml ⊆ K for some integer l ≥ 1, Q = (xs1, . . . , x
s
r) ⊆ K for all s ≥ l. Let s > max{l, t}.
Consider the exact sequence
0 −→ U/(Qn+1M ∩U) −→ M/Qn+1M −→ T/Qn+1T −→ 0.
This gives
ℓR(M/Q
n+1M) = ℓR(T/Q
n+1T) + ℓR(U/(Q
n+1M ∩U)).
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By Artin-Rees Lemma there exists an integer k ≥ 0 such that QnM ∩U = Qn−k(QkM ∩U) for
all n ≥ k. Let U′ = QkM ∩U and q = (xs1, . . . , x
s
r−1). Since Q
n−kU′ = qn−kU′ for all n ≥ k, we
get
ℓR(M/Q
n+1M) = ℓR(T/Q
n+1T) + ℓR(U
′/qn+1−kU′) + ℓR(U/U
′) for all n ≥ k.
This implies that−t ≤ e1(Q,M) = e1(Q, T)− e0(q,U
′). Since e0(q,U′) = e0(q,U) and e1(Q, T) ≤
0 by [MSV11, Theorem 3.6], we get
s ≤ sr−1e0((x1, . . . , xr−1),U) = e0(q,U) = e1(Q, T)− e1(Q,M) ≤ t,
which is a contradiction. Thus dimU ≤ r− 2. 
In the following theorem we give equivalent conditions for the finiteness of the set ΛK1 (R)
in any Noetherian local ring.
Theorem 3.4. Let (R,m) be a Noetherian local ring of dimension d ≥ 2. We set U = UR̂(0). Then
the following conditions are equivalent:
(1) dimR̂ U ≤ d− 2 and R̂/U is a generalized Cohen-Macaulay ring;
(2) ΛK1 (R) is a finite set;
(3) δK1 (R) is a finite set.
When this is the case, we have
−
d−1
∑
i=1
(
d− 2
i− 1
)
ℓR(H
i
m(R̂/U))− ℓR(R/K) ≤ g
K
1 (Q) ≤ 0.
for every parameter ideal Q of R.
Proof. Wemay assume that R is complete.
(1) ⇒ (2): Since R/U is a generalized Cohen-Macaulay ring, by Proposition 3.1(1a), the set
ΛKR/U1 (R/U) is finite. Since g
K
1 (R) = g
KR/U
1 (R/U), by [Sal16, Lemma 3.6], the set Λ
K
1 (R) is
finite. (Note that we do not need Q ⊆ K in [Sal16, Lemma 3.6].)
(2)⇒ (3): Since δK1 (R) ⊆ Λ
K
1 (R), the assertion follows.
(3) ⇒ (1): From (2.1), e1(Q,K) = g
K
1 (Q). Thus δ
K
1 (R) is finite implies that there exists an
integer t ≥ 0 such that e1(Q,K) ≥ −t for every parameter ideal Q ⊆ K. Hence, by Lemma 3.3,
dimUK(0) ≤ d− 2. Note that U ∩K = UK(0). Since dimU = max{dim(U ∩ K), dim(U/(U ∩
K))} and dim(U/(U ∩ K)) = 0, dimU = dim(U ∩ K) = dim(UK(0)) ≤ d − 2. Hence, by
[Sal16, Lemma 3.6], gK1 (Q) = g
KR/U
1 (QR/U). Using [GGH
+15, Remark 4.4] we conclude that
δKR/U1 (R/U) is finite. Hence, by Theorem 3.2, R/U is generalized Cohen-Macaulay.
The last assertion follows from Proposition 3.1(1a). 
In the following theorem we give a sufficient condition for R to be Buchsbaum.
Theorem 3.5. Let (R,m) be a Noetherian local ring of dimension d ≥ 2 and K an m-primary ideal of
R. Then the following assertions hold.
(1) Suppose R is unmixed and |ΛK1 (R)| = 1. Then R is Buchsbaum. Further, |Λ
K
i (R)| = 1 for
all 1 ≤ i ≤ d.
(2) If R is Buchsbaum then |Λm1 (R)| = 1.
Proof. (1): By Proposition 3.1(2), we get that K is a Buchsbaum R-module. Hence by Lemma
2.3(2), R is a Buchsbaum ring. Since every parameter ideal of R is standard for K, by Proposi-
tion 3.1(1b), |ΛKi (R)| = 1 for all 1 ≤ i ≤ d.
(2): By Lemma 2.3(3), m is a Buchsbaum R-module. Thus every parameter ideal Q of R is
standard for m. Now by Proposition 3.1(1b), |Λm1 (R)| = 1.

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Theorem 3.6. Let (R,m) be a Noetherian local ring of dimension d ≥ 2. Let U = UR̂(0). Then the
following conditions are equivalent:
(1) dimR̂ U ≤ d− 2 and R̂/U is Buchsbaum;
(2) |Λm1 (R)| = 1.
Proof. Wemay assume that R is complete.
(1)⇒ (2): By [Sal16, Lemma 3.6] and Theorem 3.5(2), we get |Λm1 (R)| = |Λ
m
1 (R/U)| = 1.
(2)⇒ (1): Since |Λm1 (R)| = 1, by (2.1), |Λ1(m)| = 1. Since Um(0) = U, by [GGH
+15, Theo-
rem 5.5], dimU = dimUm(0) ≤ d− 2. Thus gm1 (Q) = g
mR/U
1 (QR/U) by [Sal16, Lemma 3.6].
Hence |Λm1 (R/U)| = |Λ
m
1 (R)| = 1. Therefore, by Theorem 3.5(1), R/U is Buchsbaum. 
We discuss below that for an arbitrary m-primary ideal K in a Buchsbaum local ring R,
ΛK1 (R) need not be singleton.
Discussion 3.7. Suppose (R,m) is a Buchsbaum local ring of dimension d ≥ 2 and K is an
m-primary ideal of R. Suppose |ΛK1 (R)| = 1. Then, from (2.1), |Λ1(K)| = 1. Further assume
that R is unmixed. Then, by [GGH+15, Theorem 5.4], K is a Buchsbaum R-module. Let Q be
an arbitrary parameter ideal of R. Since
ℓR(R/Q
n+1K) = ℓR(R/K) + ℓR(K/Q
n+1K) for all n
and Q is standard for K, using [Tru86, Corollary 4.2], we get
ℓR(R/Q
n+1K) = ℓR(R/K) +
(
n+ d
d
)
e0(Q,K) +
d
∑
i=1
d−i
∑
j=0
(
n+ d− i
d− i
)(
d− i− 1
j− 1
)
ℓR(H
j
m(K))
for all n ≥ 0. Putting n = 0 and using (2.5) and (2.6), we get
(3.1) ℓR(R/QK) = e0(Q, R) + I(R) + dℓ(R/K).
Also,
ℓR(R/QK) = ℓR(R/Q) + ℓR(Q/QK)
= e0(Q, R) + I(R) + ℓR(Q/QK).(3.2)
Comparing (3.1) and (3.2), we get ℓR(Q/QK) = dℓR(R/K) for every parameter ideal Q of R.
This need not be true even in regular local rings.
However, we expect that |δK1 (R)| = 1 for an arbitrary m-primary ideal K in a Buchsbaum
local ring. We have neither a proof nor a counter-example for this statement. 
Remark 3.8. (1) SupposeR is a generalized Cohen-Macaulay local ring. Then, by [GGH+15,
Section 4], Λ1(R) is finite. By Proposition 3.1(1), Λ
K
1 (R) is finite. Hence, from (2.3), the
set { f K0 (Q) | Q is a parameter ideal of R} is finite.
(2) Suppose R is Buchsbaum. Then, by [GGH+15, Section 5], Λ1(R) is singleton. By Theo-
rem 3.5(2), |Λm1 (R)| = 1. Hence, from (2.3), the set { f
m
0 (Q) |Q is a parameter ideal of R}
is singleton.
4. THE SET ΛKi (R)
In this section we give a necessary and sufficient condition for ΛKi (R) to be finite for all 1 ≤
i ≤ d (Theorem 4.9). For this purposewe improve a result of Goto and Ozeki [GO11, Theorem
1.1] and generalize it for modules (Theorem 4.7). We also obtain an equivalent criterion for
|Λi(M)| = 1 for all 1 ≤ i ≤ r − depthM (Theorem 4.10). As a consequence we obtain a
necessary condition for |ΛKi (R)| = 1 for all 1 ≤ i ≤ d− 1 (Theorem 4.11).
We need few lemmas in order to prove the finiteness of ΛKi (R) in a generalized Cohen-
Macaulay local ring. First we recall the following lemma from [Tru86].
8 MASUTI AND SALONI
Lemma 4.1. [Tru86, Lemma 1.7] Let M be a generalized Cohen-Macaulay module of dimen-
sion r and Q = (x1, . . . , xr) a parameter ideal for M. Then I(M/x1M) ≤ I(M).
In the next lemma we give a bound on the function ℓR(M/Q
n+1M) in terms of e0(Q,M)
and I(M) for a generalized Cohen-Macaulay module. A similar upper bound is given for
ℓR(R/Q
n+1) in [LT06, Lemma 1.1]. A better lower bound is given for ℓR(R/Q
n+1) in terms of
e0(Q, R) in [HH11, Theorem 1.1].
Lemma 4.2. Let M be a generalized Cohen-Macaulay module of dimension r > 0 and Q a parameter
ideal for M. Then for all n ≥ 0,
−r
(
n+ r− 1
r− 1
)
I(M) ≤ ℓR(M/Q
n+1M)− e0(Q,M)
(
n+ r
r
)
≤
(
n+ r− 1
r− 1
)
I(M).
Proof. We apply induction on r. Let r = 1. SetW := H0m(M) and M
′ := M/H0m(M). Then M
′
is a Cohen-Macaulay R-module and e0(Q,M′) = e0(Q,M). Hence for all n ≥ 0,
ℓR(M/Q
n+1M) = ℓR(M
′/Qn+1M′) + ℓR(W/(W ∩Q
n+1M))
= e0(Q,M)(n+ 1) + ℓR(W/(W ∩Q
n+1M)).
Therefore for all n ≥ 0,
0 ≤ ℓR(M/Q
n+1M)− e0(Q,M)(n+ 1) ≤ ℓR(W) = I(M).
Thus the result is true for r = 1. Now let r > 1 and Q = (x1, . . . , xr) be a parameter ideal
for M. We put M = M/x1M. Since M is a generalized Cohen-Macaulay module, by [CLT15,
Claim 1 in p. 351], we have
0 ≤ ℓR((Q
n+1M : x1)/Q
nM) ≤
(
n+ r− 2
r− 2
)
I(M) for all n ≥ 0.(4.1)
By [Tru86, Lemma 1.2], dim R/p = r − i for all p ∈ Ass(M/(x1, . . . , xi)M) \ {m} and i =
1, . . . , r− 1. Thus, using [AB58, Corollary 4.8], we get
e0(Q,M) = ℓR(M/QM)− ℓR((x1, . . . , xr−1)M : xr/xr−1M) = e0(Q,M).
By Lemma 4.1, I(M) ≤ I(M). Hence applying induction hypothesis, we get
(4.2)
− (r− 1)
(
n+ r− 2
r− 2
)
I(M) ≤ ℓR(M/Q
n+1M)− e0(Q,M)
(
n+ r− 1
r− 1
)
≤
(
n+ r− 2
r− 2
)
I(M)
for all n ≥ 0. Considering the exact sequence
0 −→ (Qt+1M : x1)/Q
tM −→ M/QtM
x1−→ M/Qt+1M −→ M/Qt+1M −→ 0,
we get
ℓR(Q
tM/Qt+1M) = ℓR(M/Q
t+1M)− ℓR((Q
t+1M : x1)/Q
tM) for all t ≥ 0.(4.3)
Hence, using (4.1) and (4.2), we get
(4.4) − r
(
t+ r− 2
r− 2
)
I(M) ≤ ℓR(Q
tM/Qt+1M)− e0(Q,M)
(
t+ r− 1
r− 1
)
≤
(
t+ r− 2
r− 2
)
I(M).
Since ℓR(M/Q
n+1M) =
n
∑
t=0
ℓR(Q
tM/Qt+1M), using (4.4), we get
−r
(
n+ r− 1
r− 1
)
I(M) ≤ ℓR(M/Q
n+1M)− e0(Q,M)
(
n+ r
r
)
≤
(
n+ r− 1
r− 1
)
I(M).

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Let GQ(M) =
⊕
n≥0
QnM/Qn+1M be the associated graded module of M with respect to Q.
LetM =
⊕
n≥1
[GQ(R)]n and
ai(GQ(M)) = sup{n ∈ Z : [H
i
M(GQ(M))]n 6= 0}.
Recall that
reg(GQ(M)) = sup{ai(GQ(M)) + i : i ∈ Z}
is the Castelnuovo-Mumford regularity of the graded module GQ(M). We need the following
lemma in order to obtain uniform bounds on the coefficients ei(Q,M) in terms of reg(GQ(M)).
We skip the proof of this as it is similar to [GO11, Lemma 2.3].
Lemma 4.3. Let M be a finitely generated module of dimension r > 0 and Q a parameter ideal for M.
(1) Let M′ = M/H0m(M). Then reg(GQ(M)) ≥ reg(GQ(M
′)).
(2) Assume that r ≥ 2 and x ∈ Q is superficial for M with respect to Q. Let Q = Q/(x) in
R = R/(x) and M = M/xM. Then reg(GQ(M)) ≥ reg(GQ(M)).
We use a method similar to [GO11, Theorem 2.2] to prove the following theorem.
Theorem 4.4. Let M be a generalized Cohen-Macaulay module of dimension r > 0 and Q a parameter
ideal for M. Put κ = reg(GQ(M)). Then
(1) |e1(Q,M)| ≤ I(M).
(2) |ei(Q,M)| ≤ (r+ 1) · 2
i−2(κ + 1)i−1 I(M) for 2 ≤ i ≤ r.
Proof. Wemay assume that the residue field R/m is infinite. We use induction on r. Let r = 1.
Then by [MSV11, Proposition 3.1], e1(Q,M) = −ℓR(H
0
m(M)) for all parameter ideals Q for
M. Hence |e1(Q,M)| = ℓR(H
0
m(M)) = I(M). Thus the assertion is true in this case.
Let r ≥ 2. We may assume that depthM > 0. In fact, let M′ = M/H0m(M) and assume that
the assertion holds for M′. Set κ′ = reg(GQ(M
′)). By [RV10, Proposition 2.3],
ei(Q,M) =
{
ei(Q,M
′) if i 6= r
er(Q,M′) + (−1)rℓR(H
0
m(M)) if i = r.
(4.5)
Hence
|e1(Q,M)| ≤ |e1(Q,M
′)|+ ℓR(H
0
m(M)) ≤ I(M
′) + ℓR(H
0
m(M)) = I(M)
and for 2 ≤ i ≤ r,
|ei(Q,M)| ≤ |ei(Q,M
′)|+ ℓR(H
0
m(M))
≤ (r+ 1) · 2i−2(κ′ + 1)i−1 I(M′) + ℓR(H
0
m(M))
≤ (r+ 1) · 2i−2(κ′ + 1)i−1
(
r−1
∑
i=1
(
r− 1
i
)
ℓR(H
i
m(M
′)) + ℓR(H
0
m(M))
)
≤ (r+ 1) · 2i−2(κ + 1)i−1
(
r−1
∑
i=0
(
r− 1
i
)
ℓR(H
i
m(M))
)
[by Lemma 4.3(1)]
= (r+ 1) · 2i−2(κ + 1)i−1 I(M).
LetQ = (x1, . . . , xr) be such that x1 is superficial forMwith respect toQ. Put M = M/x1M
and κ¯ = reg(GQ(M). Then, using induction hypothesis and Lemmas 4.1 and 4.3(2), we get
|e1(Q,M)| = |e1(Q,M)| ≤ I(M) ≤ I(M)(4.6)
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and for 2 ≤ i ≤ r− 1,
|ei(Q,M)| = |ei(Q,M)| ≤ r · 2
i−2(κ¯ + 1)i−1 I(M) ≤ (r+ 1) · 2i−2(κ + 1)i−1 I(M).(4.7)
Let i = r. By [BH93, Theorem 4.4.3], for all t > κ
ℓR(Q
tM/Qt+1M) =
r−1
∑
i=0
(−1)iei(Q,M)
(
t+ r− 1− i
r− 1− i
)
and for all t ≥ κ¯,
ℓR(M/Q
t+1M) =
r−1
∑
i=0
(−1)iei(Q,M)
(
t+ r− 1− i
r− 1− i
)
.
Since κ ≥ κ¯ by Lemma 4.3(2), we get ℓR(Q
tM/Qt+1M) = ℓR(M/Q
t+1M) for all t > κ.
Hence, using (4.3), we get (Qt+1M : x1) = Q
tM for all t > κ. Since ℓR(M/Q
n+1M) =
r
∑
i=0
(−1)iei(Q,M)(
n+r−i
r−i ) for all n ≥ κ by [BH93, Theorem 4.4.3], we get
(−1)rer(Q,M)
= ℓR(M/Q
n+1M)−
r−1
∑
i=0
(−1)iei(Q,M)
(
n+ r− i
r− i
)
=
n
∑
t=0
ℓR(Q
tM/Qt+1M)−
r−1
∑
i=0
(−1)iei(Q,M)
(
n+ r− i
r− i
)
=
n
∑
t=0
ℓR(M/Q
t+1M)−
n
∑
t=0
ℓR((Q
t+1M : x1)/Q
tM)−
n
∑
t=0
r−1
∑
i=0
(−1)iei(Q,M)
(
t+ r− 1− i
r− 1− i
)
[from (4.3)]
=
n
∑
t=0
(
ℓR(M/Q
t+1M)−
r−1
∑
i=0
(−1)iei(Q,M)
(
t+ r− 1− i
r− 1− i
))
−
κ
∑
t=0
ℓR((Q
t+1M : x1)/Q
tM)
=
κ¯
∑
t=0
(
ℓR(M/Q
t+1M)−
r−1
∑
i=0
(−1)iei(Q,M)
(
t+ r− 1− i
r− 1− i
))
−
κ
∑
t=0
ℓR((Q
t+1M : x1)/Q
tM)
=
κ¯
∑
t=0
(
ℓR(M/Q
t+1M)− e0(Q,M)
(
t+ r− 1
r− 1
))
−
κ¯
∑
t=0
r−1
∑
i=1
(−1)iei(Q,M)
(
t+ r− 1− i
r− 1− i
)
−
κ
∑
t=0
ℓR((Q
t+1M : x1)/Q
tM).
This implies that
|er(Q,M)|
≤
κ¯
∑
t=0
∣∣∣∣ℓR(M/Qt+1M)− e0(Q,M)(t+ r− 1r− 1
)∣∣∣∣+ κ¯∑
t=0
|e1(Q,M)|
(
t+ r− 2
r− 2
)
+
κ¯
∑
t=0
r−1
∑
i=2
|ei(Q,M)|
(
t+ r− 1− i
r− 1− i
)
+
κ
∑
t=0
ℓR((Q
t+1M : x1)/Q
tM)
≤
κ¯
∑
t=0
(r− 1)
(
t+ r− 2
r− 2
)
I(M) +
κ¯
∑
t=0
(
t+ r− 2
r− 2
)
I(M)
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+
κ¯
∑
t=0
r−1
∑
i=2
(r+ 1) · 2i−2(κ + 1)i−1
(
t+ r− 1− i
r− 1− i
)
I(M) +
κ
∑
t=0
(
t+ r− 2
r− 2
)
I(M)
[using Lemma 4.2 and Equations (4.1), (4.6) and (4.7)]
= (r− 1)
(
κ¯ + r− 1
r− 1
)
I(M) +
(
κ¯ + r− 1
r− 1
)
I(M)
+
r−1
∑
i=2
(r+ 1) · 2i−2(κ + 1)i−1
(
κ¯ + r− i
r− i
)
I(M) +
(
κ + r− 1
r− 1
)
I(M)
≤ (r+ 1)
(
κ + r− 1
r− 1
)
I(M) +
r−1
∑
i=2
(r+ 1) · 2i−2(κ + 1)i−1
(
κ + r− i
r− i
)
I(M)
[using Lemmas 4.1 and 4.3(2)]
≤ (r+ 1)(κ + 1)r−1 I(M) +
r−1
∑
i=2
(r+ 1) · 2i−2(κ + 1)r−1 I(M)
[since
(
m+ n
n
)
≤ (m+ 1)n for all integers n ≥ 0]
= (r+ 1)(κ + 1)r−1 I(M)
(
1+
r−1
∑
i=2
2i−2
)
= (r+ 1) · 2r−2(κ + 1)r−1 I(M) [since
r−1
∑
i=2
2i−2 = 2r−2− 1].

In the following lemma we give a necessary condition for the finiteness of the set Λi(M) for
all 1 ≤ i ≤ k, where k is a fixed integer such that 1 ≤ k ≤ r. The proof given here is motivated
by [GO11, Theorem 1.1].
Lemma 4.5. Let (R,m) be a Noetherian local ring, K an m-primary ideal of R and M a finitely
generated R-module of dimension r ≥ 2. For a fixed 1 ≤ k ≤ r, assume that
{ei(Q,M) : Q is a parameter ideal for M and Q ⊆ K}
is a finite set for all 1 ≤ i ≤ k. Then ℓR(H
r−i
m (M)) < ∞ for all 1 ≤ i ≤ k.
In particular, if Λi(M) is finite for all 1 ≤ i ≤ k, then ℓR(H
r−i
m (M)) < ∞ for all 1 ≤ i ≤ k.
Proof. Wemay assume that R is complete. Let l be an integer such thatml ⊆ K. LetU = UM(0)
and N = M/U. If U = 0 then M is unmixed and the set {e1(Q,M) : Q = (x1, . . . , xr) ⊆
ml and x1, . . . , xr is a d-sequence for M} is finite. Hence by [GGH
+15, Lemma 4.1], M is a
generalized Cohen-Macaulay module. Thus ℓR(H
r−i
m (R)) < ∞ for all 1 ≤ i ≤ r.
Assume that U 6= 0. By Lemma 3.3, dimU ≤ r − 2. Hence by [GGH+15, Lemma 3.3],
e1(Q,M) = e1(Q,N). Thus the set {e1(Q,N) : Q is a parameter ideal for M and Q ⊆ K} is
finite. By [GGH+15, Remark 4.4], the set {e1(Q,N) : Q is a parameter ideal for N and Q ⊆ K}
is also finite. Hence, by U = 0 case, N is generalized Cohen-Macaulay. We now show that
t := dimU ≤ r− (k+ 1). We may assume that t ≥ 1. Let x1, . . . , xr be a system of parameters
for M such that (xt+1, . . . , xr)U = 0. Since N is a generalized Cohen-Macaulay module, by
[Tru86, Lemma 1.5], there exists an integer l1 ≥ 1 such that m
l1 is a standard ideal for N. Let
l0 = max{l1, l}. Then m
l0 ⊆ K is a standard ideal. Let n ≥ l0 and Q = (xn1 , . . . , x
n
r ). Then by
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[Tru86, Corollary 4.2],
er−t(Q,N) = (−1)
r−t
t
∑
j=1
(
t− 1
j− 1
)
ℓR(H
j
m(N)).
We have
ℓR(M/Q
n+1M) = ℓR(N/Q
n+1N) + ℓR(U/(Q
n+1M ∩U)) for all n ≥ 0.
Since the filtration {Qn+1M ∩U} is a good Q-filtration of U (see [RV10, page 1] for the defi-
nition of good Q-filtration),
ℓR(U/(Q
n+1M ∩U)) =
t
∑
i=0
(−1)isi(Q,U)
(
n+ t− i
t− i
)
for some integers si(Q,U) with s0(Q,U) = e0(Q,U). This implies that for n≫ 0,
ℓR(M/Q
n+1M) =
r
∑
i=0
(−1)iei(Q,N)
(
n+ r− i
r− i
)
+
t
∑
i=0
(−1)isi(Q,U)
(
n+ t− i
t− i
)
.
Therefore for n ≥ l0,
(−1)r−ter−t(Q,M) = (−1)
r−ter−t(Q,N) + e0(Q,U)
=
t
∑
j=1
(
t− 1
j− 1
)
ℓR(H
j
m(N)) + n
te0((x1, . . . , xt),U)
≥ nt.
Thus Λr−t(M) is not finite which implies that r − t ≥ k + 1. Thus t ≤ r − (k + 1). Con-
sequently, Him(U) = 0 for all i ≥ r − k. Hence H
i
m(M) ≃ H
i
m(N) has finite length for all
r− k ≤ i ≤ r− 1. 
Next, we improve a result of Goto and Ozeki [GO11, Theorem 1.1] and generalize it for
modules. In order to prove this we recall the following result from [CLT15].
Theorem 4.6. [CLT15, Corollary 4] Let M be a generalized Cohen-Macaulay module. Then,
there exists a constant C such that reg(GQ(M)) ≤ C for all parameter ideals Q for M.
Theorem 4.7. Let (R,m) be a Noetherian local ring and M a finitely generated R-module of dimension
r ≥ 2. Then the following conditions are equivalent:
(1) M is a generalized Cohen-Macaulay module;
(2) The set Λi(M) is finite for all 1 ≤ i ≤ r;
(3) The set Λi(M) is finite for all 1 ≤ i ≤ r− depthM.
Proof. (1)⇒ (2): Follows from Theorems 4.4 and 4.6.
(2)⇒ (3): This is clear.
(3)⇒ (1): Follows from Lemma 4.5. 
We now discuss an example from [GO11] which illustrates the significance of the finiteness
of Λi(M) for i = dimM− depthM.
Example 4.8. [GO11, Example 3.5] Let (R, n) be a regular local ring of dimension d ≥ 2 and
X1, . . . ,Xd a regular system of parameters of R. We put p = (X1, . . . ,Xd−1) and D = R/p.
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Let A = R⋉ D be the idealization of D over R. Then A is a Noetherian local ring with the
maximal ideal m = n× D, dim A = d and depth A = 1. By [GO11, Example 3.5]
Λi(A) =

{n | 0 < n ∈ Z} if i = 0
{0} if 1 ≤ i ≤ d and i 6= d− 1
{(−1)d−1n | 0 < n ∈ Z} if i = d− 1
and H1m(A)(
∼= H1n(D)) is not a finitely generated A-module. Hence A is not generalized
Cohen-Macaulay.
As a consequence of Theorem 4.7we obtain a characterization of generalizedCohen-Macaulay
rings in terms of the coefficients gKi (Q).
Theorem 4.9. Let (R,m) be a Noetherian local ring of dimension d ≥ 2 and K an m-primary ideal of
R. Then the following conditions are equivalent:
(1) R is generalized Cohen-Macaulay;
(2) ΛKi (R) is finite for all 1 ≤ i ≤ d;
(3) ΛKi (R) is finite for all 1 ≤ i ≤ d− 1;
(4) δKi (R) is finite for all 1 ≤ i ≤ d− 1.
Proof. By Lemma 2.3(1), (1) is equivalent to the generalized Cohen-Macaulayness of K. From
(2.1), |Λi(K)| = |Λ
K
i (R)| for all 1 ≤ i ≤ d. Hence (1) ⇒ (2) follows from Theorem 4.7. The
implication (2)⇒ (3)⇒ (4) is clear. We show (4)⇒ (1). Since δKi (R) is finite, by (2.1),
{ei(Q,K) : Q is a parameter ideal of R and Q ⊆ K}
is finite for all 1 ≤ i ≤ d − 1. Therefore by Lemma 4.5, K is generalized Cohen-Macaulay.
Thus R is generalized Cohen-Macaulay by Lemma 2.3(1). 
In the following theorem we give a characterization for M/H0m(M) to be Buchsbaum in
terms of Λi(M). See also [GGH
+15, Theorem 5.4].
Theorem 4.10. Let (R,m) be a Noetherian local ring and M a finitely generated R-module of dimen-
sion r ≥ 2. Then the following statements are equivalent:
(1) M/H0m(M) is a Buchsbaum R-module;
(2) |Λi(M)| = 1 for all 1 ≤ i ≤ r;
(3) |Λi(M)| = 1 for all 1 ≤ i ≤ r− depthM.
Proof. (1)⇒ (2): Let M′ := M/H0m(M). Since M
′ is Buchsbaum, every parameter ideal Q for
M′ is standard. Hence by [Tru86, Corollary 4.2], ei(Q,M
′) = (−1)i
r−i
∑
j=0
(r−i−1j−1 )ℓR(H
j
m(M′)) for
all 1 ≤ i ≤ r. Thus |Λi(M
′)| = 1 for all 1 ≤ i ≤ r. Hence, using (4.5), |Λi(M)| = |Λi(M
′)| = 1
for all 1 ≤ i ≤ r.
(2)⇒ (3): This is clear.
(3) ⇒ (1): Let M′ := M/H0m(M). Since |Λi(M)| = |Λi(M
′)| by (4.5), |Λi(M
′)| = 1 for all
1 ≤ i ≤ r − depthM. Hence, by Theorem 4.7, M′ is a generalized Cohen-Macaulay mod-
ule R-module. This implies that M̂′ is a generalized Cohen-Macaulay R̂-module. Since
depthR̂ M̂
′ > 0, using [Tru86, Lemma 1.2], we conclude that M′ is an unmixed module.
Hence, by [GGH+15, Theorem 5.4], M′ is a Buchsbaum R-module. 
As a consequence we give a sufficient condition for R/H0m(R) to be Buchsbaum in terms
of ΛKi (R).
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Theorem 4.11. Let (R,m) be a Noetherian local ring of dimension d ≥ 2 and K an m-primary ideal
of R.
(1) Suppose |ΛKi (R)| = 1 for all 1 ≤ i ≤ d− 1. Then R/H
0
m(R) is Buchsbaum.
(2) If R/H0m(R) is Buchsbaum then |Λ
m
i (R)| = 1 for all 1 ≤ i ≤ d.
Proof. (1): From (2.1), |ΛKi (R)| = |Λi(K)|. Hence taking M = K in Theorem 4.10, we get that
K/H0m(K) is Buchsbaum. Thus, by Lemma 2.3(2), R/H
0
m(R) is Buchsbaum.
(2): By Lemma 2.3(3), m/H0m(m) is a Buchsbaum R-module. Since |Λ
m
i (R)| = |Λi(m)|, by
Theorem 4.10, the result follows. 
5. THE SET ∆K(R)
For an R-module M, we set
∆R(M) = {e1(I,M) | I is an m-primary ideal of R}.
In [KT15] authors gave a necessary and sufficient condition for the finiteness of the set ∆R(R).
In this sectionwe give an equivalent criterion for the finiteness of the set ∆K(R) (Theorem 5.7).
For this purpose we first give a characterization for the set ∆R(M) to be finite (Theorem 5.6).
We use a bound given by T. Puthenpurakal, [Put03, Theorem 18], to give a sufficient condition
for the finiteness of ∆R(M). In order to obtain a necessary condition we use “induction”.
We need few lemmas in order to prove Theorem 5.6. In the following lemma we show that
if ∆R(M) is finite then dimM = 1. Proof given here is similar to the proof of [KT15, Lemma
3.1].
Lemma 5.1. Let (R,m) be a Noetherian local ring and M a finitely generated R-module of dimension
r > 0. Suppose ∆R(M) is a finite set. Then r = 1.
Proof. Let I be an m-primary ideal of R and k ≥ 1 an integer. We have
(5.1) ℓR(M/(I
k)n+1M) = e0(I
k,M)
(
n+ r
r
)
− e1(I
k,M)
(
n+ r− 1
r− 1
)
+ . . .+ (−1)rer(I
k,M).
Also,
ℓR(M/I
kn+kM) = e0(I,M)
(
(kn+ k− 1) + r
r
)
− e1(I,M)
(
(kn+ k− 1) + r− 1
r− 1
)
+ . . .+ (−1)rer(I,M).(5.2)
Note that(
kn+ k+ r− 1
r
)
= kr
(
n+ r
r
)
+
(
kr−1 − kr
)( r− 1
2
)(
n+ r− 1
r− 1
)
+ lower degree terms and(
kn+ k+ r− 2
r− 1
)
= kr−1
(
n+ r− 1
r− 1
)
+ lower degree terms.
Comparing (5.1) and (5.2), we get
e0(I
k,M) = kre0(I,M) and
e1(I
k,M) =
r− 1
2
e0(I,M)k
r +
2e1(I,M)− (r− 1)e0(I,M)
2
kr−1.(5.3)
Since ∆R(M) is a finite set, the set {e1(I
k,M) | k ≥ 1 is an integer} is also finite. Hence using
(5.3), we get r = 1. 
In view of Lemma 5.1, we assume that r = 1 while examining the finiteness of the set
∆R(M). Now we recall the following theorem from [KT15] which will be used in this section.
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Theorem 5.2. [KT15, Theorem 1.1] Let (R,m) be a Noetherian local ring of dimension d > 0.
Then the following conditions are equivalent:
(1) ∆R(R) is a finite set;
(2) d = 1 and R/H0m(R) is analytically unramified.
To discuss the finiteness of ∆R(M), we first provide bounds on this set in the following
proposition.
Proposition 5.3. Let (R,m) be a Noetherian local ring of dimension one and M a finitely generated
R-module of dimension one. Then
(1) inf∆R(M) = −ℓR(H
0
m(M)).
(2) sup∆R(M) ≤ ℓR′(R′/R
′)µR′(M
′), where R′ := R/H0m(R) and M
′ := M/H0m(M). Here
R′ denotes the integral closure of R′ in its total ring of fractions.
Proof. (1): Let c = inf∆R(M). By (4.5), for every m-primary ideal I in R,
(5.4) e1(I,M) = e1(I,M
′)− ℓR(H
0
m(M)).
Since M′ is Cohen-Macaulay, e1(I,M
′) ≥ 0 by Northcott’s inequality for modules (see [Fil67,
p. 218]). Thus e1(I,M) ≥ −ℓR(H
0
m(M)) for every m-primary ideal I in R which implies that
c ≥ −ℓR(H
0
m(M)). Let Q = (x) be a parameter ideal for M. Then, by (5.4), e1(Q,M) =
−ℓR(H
0
m(M)). Hence c = −ℓR(H
0
m(M)).
(2): Let C = sup∆R(M). Note that M
′ is a maximal Cohen-Macaulay R′-module. Hence,
for every m-primary ideal I of R, we have
e1(I,M) ≤ e1(I,M
′), (by (5.4))
= e1(IR
′,M′)
≤ e1(IR
′,M′) + e1(IR
′, SyzR
′
1 (M
′)) (as SyzR
′
1 (M
′) is a Cohen-Macaulay R′-module)
≤ e1(IR
′, R′)µR′(M
′) (by [Put03, Proposition 17])
≤ ℓR′(R′/R
′)µR′(M
′) (by [KT15, Theorem 1.2]).
Hence C ≤ ℓR′(R′/R
′)µR′(M
′). 
In order to obtain an upper bound on the set ∆R(M), the ring R having dimension one in
Proposition 5.3 is not a restrictive condition as we may pass to R/AnnR(M), if needed, and
assume that dim R = 1.
Proposition 5.4. Let (R,m) be a Noetherian local ring and M a Cohen-Macaulay R-module of di-
mension one. For nonzero modules N and C, consider the exact sequence
(5.5) 0 −→ N −→ M −→ C −→ 0.
For an m-primary ideal I in R, the following statements hold true.
(1) If dim C = 0, then e1(I,M) ≥ e1(I,N)− ℓR(C).
(2) If dim C = 1, then e1(I,M) ≥ e1(I,N) + e1(I,C) ≥ e1(I,N)− ℓR(H
0
m(C)).
Proof. Tensoring (5.5) with R/In+1, we get an exact sequence
0 −→ KI,n+1 −→
N
In+1N
−→
M
In+1M
−→
C
In+1C
−→ 0,
where KI,n+1 (depends on I and n) is some R-module of finite length. Therefore
(5.6) ℓR (KI,n+1)− ℓR
(
N
In+1N
)
+ ℓR
(
M
In+1M
)
− ℓR
(
C
In+1C
)
= 0.
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This implies that ℓR(KI,n+1) is a polynomial, for n≫ 0, of degree at most one. Let ℓR(KI,n+1) =
aI(n+ 1) + bI , for n ≫ 0, where aI and bI are some integers. Since M is Cohen-Macaulay, N
is a Cohen-Macaulay module of dimension one. Hence, by using [BH93, Corollary 4.7.7], we
get aI = 0 and hence ℓR(KI,n+1) = bI for n≫ 0.
5.4(1): Suppose that dim C = 0. Then InC = 0 for n≫ 0. Hence from (5.6), we get that
e1(I,M) = bI + e1(I,N)− ℓR(C) ≥ e1(I,N)− ℓR(C).
5.4(2): Again using (5.6), we get
e1(I,M) = bI + e1(I,N) + e1(I,C)
≥ e1(I,N) + e1(I,C)
≥ e1(I,N)− ℓR(H
0
m(C)) (by Proposition 5.3(1)).

In the following lemma we give a necessary condition for the finiteness of the set ∆R(M) if
M is a cyclic module of dimension one.
Lemma 5.5. Let (R,m) be a Noetherian local ring and M = Rx a Cohen-Macaulay R-module of
dimension one. Suppose ∆R(M) is finite. Then R/AnnR(M) is analytically unramified.
Proof. Note that M ∼= R/AnnR(x). Let B := R/AnnR(x). Since ℓR(B/I
nB) = ℓB(B/I
nB) for
any m-primary ideal I in R, e1(I, B) = e1(IB, B). Since every mB-primary ideal in B is of the
form IB for somem-primary ideal I in R, finiteness of the set ∆R(M) implies that the set ∆B(B)
is finite. Therefore, by Theorem 5.2, B is analytically unramified. 
Nowwe give an equivalent criterion for the finiteness of the set ∆R(M).
Theorem 5.6. Let (R,m) be a Noetherian local ring and M a finitely generated R-module of dimension
r > 0. Let R′ = R/H0m(R) and M
′ = M/H0m(M). Then the following conditions are equivalent:
(1) ∆R(M) is a finite set;
(2) r = 1 and R′/AnnR′(M
′) is analytically unramified.
Proof. (1) ⇒ (2): Since ∆R(M) is finite, by Lemma 5.1, r = 1. Thus M
′ is a Cohen-Macaulay
R′-module of dimension one. From (5.4) it follows that |∆R(M)| = |∆R(M
′)|. This implies
that ∆R(M
′) is a finite set. Since e1(I,M
′) = e1(IR
′,M′), we get that ∆R′(M
′) is a finite set. Let
M′ = R′x1+ R
′x2 + · · ·+ R′xm, where 0 6= R′xi ⊆ M
′ is a R′-submodule of M′. Set Ni := R
′xi.
Since M′ is Cohen-Macaulay, Ni is a Cohen-Macaulay R
′-module of dimension one. Hence
for every m-primary ideal I in R, e1(IR
′,Ni) ≥ 0 and by Proposition 5.4,
e1(IR
′,Ni) ≤ e1(IR
′,M′) + ci,
for some nonnegative integer ci which is independent of I. Thus finiteness of the set ∆R′(M
′)
implies that the set ∆R′(Ni) is finite for every i. Hence, by Lemma 5.5, R
′/AnnR′(R
′xi) is
analytically unramified for each i. Let Ii = AnnR′(R
′xi). Since R̂′/IiR̂′ is reduced for each i,
R̂′/
(
m⋂
i=1
IiR̂′
)
is reduced. Also, as R̂′ is a flat R′-module,
̂AnnR′(M′) = AnnR′(M
′)R̂′ =
(
m⋂
i=1
Ii
)
R̂′ =
m⋂
i=1
IiR̂′.
Hence R̂′/ ̂AnnR′ M′ ∼=
̂
(
R′
AnnR′ M
′
)
is reduced. Thus R′/AnnR′(M
′) is analytically unramified.
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(2) ⇒ (1): Since dimR′/AnnR′(M
′) = dimM′ = 1 and R′/AnnR′(M
′) is analytically
unramified, by Proposition 5.3, ∆ R′
Ann
R′
(M′)
(M′) is finite. This implies that ∆R′(M
′) is finite.
Hence by (5.4), ∆R(M) is a finite set. 
As a consequence we give an equivalent criterion for the finiteness of the set ∆K(R).
Theorem 5.7. Let (R,m) be a Noetherian local ring of dimension d > 0 and K an m-primary ideal of
R. Then the following conditions are equivalent:
(1) ∆K(R) is a finite set;
(2) d = 1 and R/H0m(R) is analytically unramified.
Proof. From (2.1), |∆K(R)| = |∆R(K)|. Let R
′ = R/H0m(R). Since AnnR′(KR
′) = 0, using
Theorem 5.6 we get the result. 
Remark 5.8. Suppose d = 1 and R/H0m(R) is analytically unramified. Then by Theorems
5.2 and 5.7, the sets ∆R(R) and ∆
K(R), respectively, are finite. Hence, from (2.3), the set
{ f K0 (I) | I is an m-primary ideal of R} is finite.
In [KT15, Corollary 2.4], authors gave a description of the set ∆R(R). In what follows we
will give a description of the set ∆K(R). Recall that a reduction of an ideal I is an ideal J ⊆ I
such that In+1 = J In for some n ≥ 0. A minimal reduction of I is a reduction of I which is
minimal with respect to inclusion. For a minimal reduction J of I, reduction number of I with
respect to J, denoted by rJ(I), is the least non-negative integer n such that I
n+1 = J In.
Theorem 5.9. Let (R,m) be a Cohen-Macaulay local ring of dimension one with infinite residue field.
(1) For a maximal Cohen-Macaulay module M
∆R(M) ⊆ {ℓR(N/M) : M ⊆ N ⊆ S
−1M, N is a finitely generated R-module},
where S = {x ∈ R : x is R-regular}.
(2) For an m-primary ideal K in R,
(5.7) ∆K(R) = {ℓR(KB/K)− ℓR(R/K) : R ⊆ B ⊆ R, B is a finitely generated R-module}.
Further, sup∆K(R) = ℓR(KR/K)− ℓR(R/K).
Proof. (1): Let I be an m-primary ideal in R. Let J = (x) ⊆ I be a minimal reduction of I. Since
R (resp. M) is Cohen-Macaulay, x is R-(resp. M-)regular. We set
In
xn
=
{ a
xn
: a ∈ In
}
⊆ S−1R.
Let s = rJ(I) and N = M[
I
x ] ⊆ S
−1M. Then M ⊆ N =
⋃
n≥0
InM
xn =
InM
xn
∼= InM for n ≥ s. Thus
N is a finitely generated R-module. We claim that e1(I,M) = ℓR(N/M). We have
ℓR
(
M
In+1M
)
= ℓR
(
M
Jn+1M
)
− ℓR
(
In+1M
Jn+1M
)
= e0(I,M)(n+ 1)− ℓR
(
In+1M
Jn+1M
)
for n≫ 0.
This implies that e1(I,M) = ℓR
(
In+1M
Jn+1M
)
for n ≫ 0. Since I
n+1M
Jn+1M
∼= NM for n ≫ 0, e1(I,M) =
ℓR(N/M).
(2): Let Γ(R) := {ℓR(KB/K) : R ⊆ B ⊆ R, B is a finitely generated R-module}. First we
show that ∆R(K) = Γ(R). By part (1), e1(I,K) = ℓR(N/K), where N = K[
I
x ] and (x) is a
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minimal reduction of I. Put B = R[ Ix ]. Let s = r(x)(I). Then B =
In
xn
∼= Is for all n ≥ s. Thus
B is a finitely generated R-module which implies that B ⊆ R. Also, KB = K[ Ix ] = N. Hence
e1(I,K) = ℓR(KB/K) ∈ Γ(R).
Now, let R ⊆ B ⊆ R and B is finitely generated R-module. Then there exists a nonzero-
divisor x ∈ R such xB ⊆ R. Let I = xB. Then I is an m-primary ideal in R and I2 = xI.
Hence R[ Ix ] =
I
x = B. A similar argument as above shows that e1(I,K) = ℓR(KB/K). Hence
Γ(R) ⊆ ∆R(K). Thus Γ(R) = ∆R(K). Therefore using (2.1), (5.7) follows.
Let C := sup∆K(R). From (5.7) it follows that C ≤ ℓR(KR/K)− ℓR(R/K). Hence in order
to prove the second assertion we may assume that C is finite. Then, by Theorem 5.7, R is
analytically unramified and hence R is a finite R-module. Again using (5.7), we get C ≥
ℓR(KR/K)− ℓR(R/K). 
Remark 5.10. (1) The containment in Theorem 5.9(1) can be strict. Let R be a Cohen-
Macaulay local ring of dimension one and I an m-primary ideal. Choose an integer
t such that e1(I, R) is not divisible by t. Let M = R
t. Then e1(J,M) = te1(J, R) for
everym-primary ideal J in R. By [KT15, Corollary 2.4], e1(I, R) = ℓR(B/R), for a finite
R-module B such that R ⊆ B ⊆ S−1R. Now, Rt ⊆ N := B⊕ R ⊕ · · · ⊕ R ⊆ (S−1R)t
and N is a finite R-module. Also, ℓR(N/M) = ℓR(B/R) = e1(I, R). Suppose there
exists an m-primary ideal J in R such that e1(J,M) = ℓR(N/M) = e1(I, R). Then
te1(J, R) = e1(I, R) which is a contradiction. This implies that the containment in
Theorem 5.9(1) can be strict.
(2) Let R be a Cohen-Macaulay local ring of dimension one and M = Rt. In this case,
∆R(M) = {te1(I, R) : I is an m-primary ideal in R}. Hence, by [KT15, Theorem 1.2],
sup∆R(M) = tℓR(R/R) = ℓR(R/R)µR(M), which shows that the bound in Proposi-
tion 5.3(2) can be achieved.
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